The flow of inviscid fluid around a disc in a pipe is computed, and the results are used to determine the added mass of the accelerating disc in the frame in which the mixture velocity is zero. The added mass of an array of discs spaced at regular intervals along the pipe is then computed, and is related to the pressure gradient along the pipe. Some flow profiles are also presented. The results show that the added mass per particle increases as the pipe diameter is reduced relative to the particle size. The added mass per particle decreases as the number density of particles increases, but the added mass per unit length of the pipe nevertheless increases. Thus an increase of either the particle size or number density leads to a tighter coupling between the liquid and the particles; this result should hold for other particle shapes and configurations. Results are also presented for the drift, i.e., the displacement of fluid particles caused by the motion of an isolated disc along the axis of the pipe. If the diameter of the pipe is sufficiently small, the added mass of the disc is modified from that in unbounded fluid, and the background drift at the walls of the pipe can no longer be estimated from the added mass of the disc.
I. INTRODUCTION
Models of two-phase flow require a constitutive relation for the forces which act between the liquid and gas. An approximation sometimes employed divides the forces into a sum of drag and added mass terms. [1] [2] [3] The added mass of a single spherical bubble in unbounded irrotational flow is well-known, 4 and results are available for the added mass of a spherical bubble in fluid which is accelerating. [4] [5] [6] The radius of the bubble need not be constant. 5 However, few results are available for the added mass of non-dilute suspensions, and fewer still treat flow in bounded geometries. We treat analytically an isolated disc accelerating in a pipe, as well as a regular array of accelerating discs, in order to obtain more insight into this problem.
A review of added mass in non-dilute suspensions is presented by Sangani et al., 3 who are concerned with small amplitude oscillatory motion of bubbles. The average hydrodynamic force ͗F͘ per bubble can be written in the form 
͑1͒
where and are the density and viscosity of the liquid, R and v b are the radius and volume of the bubble, u m is the mixture velocity, v is the bubble velocity, and ͗.͘ denotes an averaged quantity. The added mass coefficient C a , and viscous drag coefficient C d , have been normalized so that they approach unity as the volume fraction of bubbles ␤→0. Equation ͑1͒ can alternatively be written in terms of the average liquid velocity ͗u͘ using the relation ͗u m ͘ϭ͑1Ϫ␤͒͗u͘ϩ␤͗v͘ ͑2͒ if the volume fraction of bubbles, ␤, is assumed constant. From now on we neglect the viscous drag term, and set the viscosity ϭ0.
Published results for the added mass coefficient C a vary slightly, since some authors assume that all bubbles have the same velocity whereas others allow bubble velocities to vary. However, Sangani et al. 3, 7 concluded that results of their numerical solutions of the full equations were closely approximated by the expression C a ϭ 1ϩ2␤ 1Ϫ␤ , ͑3͒
obtained by Zuber 8 using a cell model. Ishii et al. 9 performed time-dependent computations of bubbly flows assuming an added mass C a ϭ1ϩ2.78␤ due to Van Wijngaarden. 10 Thus there is a consensus of opinion that added mass increases as the volume fraction of liquid decreases ͑assuming that phase inversion does not occur͒. This increase can be thought of in terms of a tighter coupling between the dispersed particles and the liquid.
Many multiphase flows are confined to pipes, and only a few analytic results are available for such flows. Smythe computed the streamfunctions for inviscid irrotational flow in a pipe containing either a sphere 11 or a spheroid 12 ͑includ-ing the limiting case of a disc͒. Cai and Wallis 13, 14 extended this analysis to linear arrays of spheres and obtained added mass coefficients; they also reported 14 the added mass of a single disc accelerating broadside in a pipe. We reconsider the case of a disc, using methods based on the velocity potential, and then study a linear array of discs in a pipe, working in a frame in which the average mixture velocity of the fluid and particles is zero. Acceleration of the particles leads to acceleration of the surrounding fluid, and this acceleration reaction, which corresponds to the added mass, creates pressure gradients. The net result is a macroscopic pressure gradient along the pipe. We find that the added mass coefficient C a ͑per particle͒ increases as the particle size becomes closer to that of the pipe. As the particle number density increases, the added mass per particle decreases, because of shielding, but the added mass per unit length of pipe always increases.
As an additional application of the analysis, we calculate the drift of fluid markers disturbed by a steadily translating disc in a pipe. We are thus able to study the influence of the pipe walls on the typical magnitude of marker displacement.
II. ANALYSIS
We first consider the velocity potential for steady inviscid flow around a single disc of radius R moving broadside with velocity U along the axis of a pipe of radius Ra, as depicted in figure 1 ; results, calculated using a different method, have been reported by Cai and Wallis. 14 In Sec. III, we show how the added mass of an accelerating disc may be evaluated once the velocity potential is known, and numerical results are presented in Sec. IV. In Sec. V we consider a one-dimensional array of discs placed at regular intervals along the axis of the pipe. The discs have zero thickness, so that the volume fraction of discs within the pipe is always zero, even though the particle number density is non-zero. Nevertheless, a suspension of larger and more numerous discs ought to correspond physically to bubbly flows with increasing volume fraction of bubbles. Finally, fluid transport, studied via the concept of drift, is discussed for this bounded system in Sec. VI.
We assume an irrotational, incompressible flow, with velocity uϭ", ͑4͒
where the potential satisfies Laplace's equation,
Lengths are non-dimensionalized by R, and velocities by U. We use cylindrical coordinates, with rϭ0 as the axis of the pipe and the disc, and with the disc in the plane zϭ0. The boundary conditions, assuming no flow at infinity, are
We consider the region zу0, and look for a solution of the form
where the n are chosen to satisfy
thereby ensuring that boundary condition ͑6c͒ is satisfied. Boundary conditions ͑6a,b͒ lead to
In order to treat these dual series equations, we follow the method of Cooke and Tranter, 15 as described by Sneddon.
16
For completeness we present the most important intermediate results, beginning with the identity
where Ϫ 1 2 р pр 1 2 , ϾpϪ1 and the n are the roots of J (a n )ϭ0. The boundary condition represented by ͑9b͒ may be satisfied if we take ϭ1 and
i.e.,
An expression for the unknown c m is obtained by substituting ͑11͒ into ͑9a͒:
͑13͒
Some relations concerning Bessel functions are now required in order to enable us to eliminate the r-dependence of ͑13͒. From Sneddon 16 ͑equations 2.1.19 and 2.1.20͒
where F m (a,b;x)ϭ 2 F 1 (Ϫm,aϩm;b;x) is the Jacobi polynomial.
If we define the Hankel transform f(p) of f(r) by
then the inverse transform is 
and the Hankel inversion theorem applied to ͑14͒ gives
We also require the orthogonality relation for Jacobi polynomials ͑see, e.g., Magnus et al.
͑18͒
We now multiply both sides of ͑13͒ by r(1Ϫr 2 )
Ϫp ϫF j (1Ϫp,1;r 2 ) and integrate to obtain
͑19͒
Hence the c m satisfy the linear equations
where
and
The velocity potential (r,z) is constant over the plane z ϭ0, 1рrрa external to the disc. We can evaluate this constant 0 at an individual point, but it is more convenient to take the average value
and to work with the velocity potential
where the subscript z indicates that the potential corresponds to motion of the disc in the z direction. Note that ⌽ z →Ϫ 0 as z→ϱ, and ⌽ z ϭ0 over the plane external to the disc. It is clear, by symmetry, that ⌽ z (r,Ϫz)ϭϪ⌽ z (r,z).
III. ADDED MASS
The added mass of an object moving in unbounded fluid at rest at infinity is discussed by Batchelor. 4 We write the ͑dimensional͒ velocity potential in the form
where x 0 (t) is the instantaneous position of the center of the body. In the absence of gravitational or other body forces, the unsteady form of Bernoulli's equation ͑equation 6.2.5 of Batchelor 4 ͒ takes the form
where ũ is the ͑dimensional͒ fluid velocity, and C is a constant, independent of position, if the flow is irrotational. Let S 1 be the surface of the body, with outward facing normal n. Again following Batchelor 4 ͑p. 404͒, the hydrodynamic force F acting on the body in an inviscid flow is
since in ͑28a͒ the integral of C over the surface of the body is zero. The second term on the right-hand side of ͑28b͒ corresponds to the force in steady motion, and F-U can be shown to be zero either for steady motion in unbounded fluid, or for motion parallel to the axis of a pipe. The first term in ͑28b͒ is the acceleration reaction, G. In the absence of viscous effects G accounts for the total hydrodynamic force acting on the body as fluid surrounding the particle is accelerated. This acceleration reaction is often called the added mass of the particle. If a disc of unit radius moves broadside with velocity U in unbounded fluid, the velocity potential is 18, 19 ͑r,z͒ϭ
where the oblate spheroidal coordinates and are defined by
The region ϭ0, 0рр1 represents the surface zϭ0 ϩ of the disc, on which ϭϪ2UR(1Ϫr 2 ) 1/2 /. The reaction on a disc of radius R accelerating in the z direction is
as 
The acceleration reaction for the disc in a pipe is
and the jump in pressure between zϭϮϱ is
Numerical results will be presented for the dimensionless reaction
The acceleration reaction G z is in the opposite direction to the acceleration U : the change in sign in ͑36͒ ensures that Ĝ z Ͼ0. Smythe 12 and Sangani et al. 3 discuss the relation between computations of added mass and of an analogous electrical conductivity problem. Suppose the pipe is filled with conducting fluid, so that, in the absence of a disc, the electrical potential is ϭVRz. If an insulating disc of radius R is inserted at zϭ0, and the total current remains unchanged, the electrical potential becomes
Hence the additional voltage drop ⌬V between zϭϮϱ due to the presence of the disc is ⌬Vϭ2VR 0 , ͑38͒ which corresponds to the resistance of a fluid-filled pipe of length 2 0 R.
IV. NUMERICAL RESULTS
All Bessel functions were evaluated in double precision using the NAG routines S17DEF, S17AEF and S17AFF, and roots of ͑8͒ were obtained using part of a package of Bessel function integration routines. 20, 21 Note that, for any given value of the argument z, the Bessel functions J (z) become small for large. To avoid numerical underflow these functions are set to zero by S17DEF. The ⌫ function in ͑23͒ was evaluated by means of the NAG routine S14AAF. All the infinite sums are approximated by finite sums, so that ͑7͒ becomes
The c m are obtained by solving the linear equations
A jm c m ϭB j , jϭ0, . . . ,JϪ1, ͑41͒
represents a set of J equations in M unknowns. In practice, if we fix N and take M ϭJ, ͑41͒ may be solved only for sufficiently small M : the maximum M for which ͑41͒ may be solved by the NAG routine F04ATF depends upon the dimensionless pipe radius a. For the case a ϭ5.0, if we take pϭ0.5 and Nϭ1000, then Ĝ z ϭ2.79 for M ϭ112 and the matrix A is ill-conditioned for larger values of M . If N is increased to 2000, the corresponding values are M ϭ156 and Ĝ z ϭ2.73, whereas at Nϭ5000, M ϭ248 and Ĝ z ϭ2.70. Results were similar for other values of p: p ϭϪ0.5, Nϭ5000 leads to Ĝ z ϭ2.70 for M ϭ248, with A ill-conditioned for M Ͼ255. Figure 2 shows values of Ĝ z as a function of a, which agree with those of Cai and Wallis.
14 All results were computed with Nϭ5000, pϭ0.5 and with M equal either to 300, FIG . 2. The non-dimensional added mass coefficient Ĝ z of a single disc in a pipe of radius a. ͑a͒ Numerical results; ͑b͒ asymptote ͑45͒ for aϪ1Ӷ1, ͑c͒ limiting value Ĝ z ϭ8/3 for a disc in unbounded fluid, ͑d͒ ᭝ nondimensional added mass of a single sphere in a pipe. 13 or to the maximum value for which equation ͑41͒ could be solved numerically. Ĝ z decreases to 2.7 as a increases from 1 to 6. The numerical predictions then increase slowly as a increases further, rather than decreasing towards the value 8/3 predicted by ͑31͒. When aϭ50 the matrix A is ill-posed for M Ͼ80. Thus the numerical scheme becomes less satisfactory as a increases.
When aϪ1Ӷ1, the flow into the narrow slit between the pipe and the edge of the disc may be approximated as that due to a line sink, restricted to an angle of /2. The total ͑non-dimensional͒ volume flux due to the motion of the disc at unit velocity is , and this flows into a slit of length (aϩ1), where we have taken the average of the inner and outer radii. Hence, close to the slit, the velocity potential has the form
where r s is a radial coordinate local to the slit. If we assume that ͑43͒ holds from r s ϳaϪ1 out to r s ϭ1, we might expect
and hence, by ͑35͒, the acceleration reaction should vary as
This asymptote ͑45͒ is shown in figure 2 , and appears to be satisfactory. Quantitative agreement is improved if a constant 1.4 is subtracted from ͑45͒. Also shown on figure 2 are results for the acceleration reaction on a sphere in a pipe, which was shown by Cai and Wallis 13 to be
where C 0 Smythe is a coefficient computed by Smythe. 11, 12 The acceleration reaction on a sphere in unbounded fluid is 2R 3 U /3, and hence, with the non-dimensionalization ͑36͒ adopted here, Ĝ z sphere →2/3 as a→ϱ. The acceleration reaction on a sphere increases much more rapidly than that on a disc as the diameter of the pipe approaches that of the particle. In the case of a translating disc, rapid flow occurs only in a singular region around the edge of the disc. In the case of a sphere, rapid flow occurs along the entire length of the slowly varying narrow gap between the sphere and pipe. 13 We may also compute the velocity field, given by
We might expect that ͑46a,b͒ should converge, for reasonable b n , when zϾ0. However, convergence appears to be more problematic on zϭ0. In practice, computations of velocity are best performed for z slightly greater than 0, and zу0.01 for the velocities presented here. Even so, results were poor on rϭ0, where we cannot rely on the decay of J 0 ( n r) as n →ϱ. ) singularity, where r e is a local cylindrical radial coordinate. 19 Hence it is not surprising that the numerical scheme has difficulty in resolving the velocity field in this region.
If the fluid velocity around a moving body is known, the viscous dissipation within the fluid may be computed, thereby giving an estimate of the viscous drag D on the body for cases in which viscous dissipation in boundary layers is small ͑such as clean bubbles͒. For example, if separation does not occur and flow is irrotational, the potential flow field may be used for such an estimate at high Reynold numbers. For a spherical bubble of radius R, moving at velocity U in unbounded fluid with viscosity , the drag is found 4 to be Dϭ12RU. However, for the case considered here the velocity potential has an O(r e 1/2 ) singularity at the edge of the disc: this can most easily be seen in the case of a disc moving in unbounded fluid ͑29͒. Rates of strain are O(r e Ϫ3/2 ), and hence the dissipation at the edge of the disc is not integrable. This serves as a reminder that in practice separation is likely to occur at the edge of the disc.
V. A LINEAR ARRAY OF DISCS
Suppose we have a regular array of discs, spaced with ͑non-dimensional͒ separation 2Z ͑figure 5͒. The radial velocity will be zero at the mid-point zϭZ between two such discs, and hence, instead of ͑7͒, we look for a velocity potential with the dimensionless form
͑47͒
We must still satisfy the boundary conditions ͑6a-c͒, and hence ͑9a,b͒ are replaced by
In order to ensure that ͑48b͒ is satisfied identically, we take
Substituting ͑49͒ into ͑48a͒ we find that ͑13͒ is replaced by
0рrр1. ͑50͒
Hence, following the steps outlined in ͑14-19͒, we obtain the linear equations
and the B j are given by ͑23͒, as before. Note that ͑52͒ reduces to ͑22͒ in the limit Z→ϱ. The potential 0 over r Ͼ1 in the plane of the disc is evaluated, as in ͑24͒, by the integral
and it is again convenient to work with the velocity potential
with ⌽ z ϭ0 on zϭ0, and ⌽ z ϭϯ 0 on zϭϮZ. Note that the mean velocity over the pipe cross section is
where we have used ͑8͒. Hence, as in Sec. II, we are in a frame in which the mean axial velocity of the liquid is zero. The discs have zero volume, and hence the mean axial velocity of the mixture is also zero.
Taking p 1 as the pressure at zϭZ, and p 2 as the pressure at zϭϪZ, then evaluating Bernoulli's equation ͑27͒ at z ϭϮZ, rϭ0, gives
where ũ z is the ͑dimensional͒ fluid velocity at rϭ0, zϭϮZ. Hence, as in ͑33͒,
If the array of discs accelerates, the reaction on each disc is
and the jump in pressure on rϭ0 between zϭϮZ is Figure 6 shows the dimensionless acceleration reaction Ĝ z ϭϪG z /U R 3 as a function of disc separation Z, for the cases aϭ1.1, 1.5, 2.0 and 3.0. Note that Ĝ z decreases as Z decreases, because the discs shield one another. Figure 7 shows similar results for the acceleration reaction per unit length Ĝ z /2Z, proportional to the pressure drop per unit length, which increases as Z decreases. Thus the liquid and discs become more tightly coupled, per unit length of pipe, when either the diameter of the discs increases relative to that of the pipe, or the number density of discs increases. We would expect this to be a general feature of suspensions of arbitrarily shaped particles. When the discs are very close together, we might expect that the fluid between the discs in rϽ1 will, like the discs, have acceleration U , and that the fluid in the annulus rϾ1 will have a mean acceleration ϪU /(a 2 Ϫ1). We assume that the disc has no mass, so that the force required to accelerate the disc is equal and opposite to the acceleration reaction G z . Equating the forces to mass accelerations in a unit cell ϪZрzрZ, for the central core rϽ1,
and for the outer annulus 1ϽrϽa,
The full numerical results agree well with ͑62͒ in the limit Z→0, as indicated in figure 7 .
VI. DRIFT
If a particle of volume V moves along a pipe of crosssectional area A filled with fluid at rest at infinity, the mean displacement of the fluid particles will be ϪV/A, as discussed by Eames et al. 22 and Benjamin. 23 However, the particle in some sense carries with itself a volume of liquid R 3 Ĝ z corresponding to the added mass of the particle; the background displacement of fluid, away from the wake of the particle, should therefore be Ϫ(VϩR 3 Ĝ z )/A. This line of argument has been used by Kowe et al. 24 to discuss the motion of bubbles relative to the interstitial fluid, and we examine these arguments for the case of a single disc moving in a tube.
We now change to coordinates fixed in space, rather than fixed in the disc ͑as previously͒. A line of marked fluid particles is placed at zϭ0. The motion of the fluid particles is followed while the disc moves from an initial position z 1 Ͻ0 to a final position z 2 Ͼ0: a marked fluid particle initially at (rЈ,0) eventually moves to (r,d) ͑see figure 8͒. Marked particles which are close to the axis of the pipe spend a considerable time in the vicinity of the stagnation points at the center of the front and rear faces of the disc. The displacement d of such particles is therefore large, with d ϳlog(r), as discussed by Lighthill 25 for the case of drift around a spherical particle.
The initial and final positions of the disc were taken to be at zϭϮmax (20,10a) , and in figure 9 we show the final displacements d(r), for pipes with non-dimensional radius aϭ4, 1.5 and 1.1. The average displacement ͐ 0 a d(r)rdr was computed: a numerical integration under the curves of figure 9 for rϾ0.06 was cancelled, to within about 3% for aϽ3, by an estimate of the integral of the logarithmic singularity in the region rϽ0.06. This was a useful check on the accuracy of the integration of the trajectories of marked particles.
The disc has zero volume V, and hence when the pipe radius a is sufficiently large the background drift Ϫa 2 d(a) should equal the non-dimensional added mass Ĝ z . In figure 10 we see that this is approximately true for aϾ5: wall effects become important when aϽ5.
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